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We studied the optical steady-state generation of spin in the III-V semiconductor quantum dots,
where an external laser field couples to the quantum dot only via the electric dipole interband
transition and generation of spin in the conduction band is due to the optical transition from the
spin-split valence band. In the weak field regime, the optical spin generation is second order in
the Rabi frequency. At the intense laser fields, the spin-orbit interaction is of no importance and the
optical spin generation is absent. Therefore, there should be a region featured by intermediate Rabi
frequencies where the optical spin generation reaches its maximum. We demonstrated this upper
limit using a simple model of the III-V quantum dot. The maximum corresponds to the optical
interaction energy equal to the spin-orbit interaction energy in the valence band. The work
addressed here sets the upper limit for steady-state optical spin generation in the III-V
semiconductor quantum dots and completes the physical picture of this process for all optical field
C 2011 American Institute of Physics. [doi:10.1063/1.3567303]
strengths. V

I. INTRODUCTION

Semiconductor spintronics is a multidisciplinary field
whose main goal is the active manipulation of the spin
degrees of freedom in semiconductor systems in order to
extend and enhance functionality and scalability of the present electronic technologies1,2 and to physically realize qubits
based on the electron spin3 for quantum computing and information applications.4–6 Injection of nonequilibrium spins
into semiconductors has been reported by feeding spin polarized current from magnetic metals7,8 and magnetic semiconductors,9 and by optical orientation.10 The emission and
absorption of circularly polarized light has been related to
spin polarization of the conduction electrons in III-V semiconductors.10 This phenomenon is at the basis of the new
field of photospintronics,11 and the III-V semiconductors
present the most promising material system in this field.1,11
Some photospintronic devices that have been demonstrated
or proposed are spin-LEDs,12,13 spin-lasers,14–17 spin-polarized photodetectors,18,19 spintronic polarimeter20 and spinpolarized solar cell.21 The photospintronic devices of interest
for quantum computing applications are quantum dots
(QD)22 which have recently emerged23–27 as good candidates
for optically controllable spin qubits.
In the limit of small laser field strengths, the optically
generated spin in III-V QD is proportional to the square of
the optical field amplitude, or equivalently to the square of
the Rabi frequency, as it is in bulk GaAs.10 In the limit of
intense laser fields there is no optically generated spin since
at this energy regime the spin-orbit interaction is negligible.10 Therefore, in between the two limits, there should be a
maximum for the optical spin generation. We demonstrate
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this maximum by solving the Liouville equation for the simple model of a III-V quantum dot. This result sets the condition for maximum optical spin generation and shows that the
limit is given by the material property – the strength of the
spin-orbit interaction.

II. MODEL OF THE QUANTUM DOT AND THE OPTICAL
INTERACTION

The model system we used to investigate the optical
spin generation in the III-V QD is shown in Fig. 1 and corresponds to the C-point of the III-V band structure. We built
the Hamiltonian H^ shown in Eq. (1) starting with H^0 that
assigns energy Eg to the two conduction band (CB) states
with orbital angular momentum l ¼ 0, and zero energy to the
six valence band states with orbital angular momentum
l ¼ 1. The CB states were labeled as j0 "i and j0 #i, while
the six valence band states were labeled using the standard
total angular momentum notation as follows: j3=2; 63=2i
are the heavy-hole (HH) states, j3=2; 61=2i are the lighthole (LH) states, and j1=2; 61=2i are the split-off (SO)
states. By adding the spin-orbit interaction H^so to H^0 in (1),
the SO states split from HH and LH states and lay DSO below
the zero energy, where DSO is the spin-orbit splitting in the
underlying material. Here, DSO ¼ 3aSO , where aSO
¼ e2 h2 =48pe0 m0 ða0 Þ3 n3med , is the strength of the spin-orbit
interaction. In this expression, e0 is the permittivity of the
free space, m0 is the electron mass, e is the elementary
charge, h is the reduced Planck constant, a0 is the Bohr radius and nmed is the refractive index of the background medium. Due to the spatial confinement in the QD, there is a
splitting of the HH and LH states that will be neglected in
our model as it is not relevant for the final conclusions. The
eigenstates and eigenenergies of the unperturbed part of
the Hamiltonian Hqd ¼ H^0 þ H^so are depicted in Fig. 1.
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pﬃﬃﬃ
plane: EðtÞ ¼ E0 ð^
x þ ip^
yÞ= 2 expðixtÞ. In this expression,
E0 is the amplitude of the optical electric field strength, x^
and y^ are the unit vectors of the x and y axes, and i is the
imaginary unit. The two circular polarizations of light are
given by the parameter p ¼ 61, while the linear polarization
in the x-direction can be expressed with p ¼ 0. The other
two linear polarizations can be constructed in the similar
manner. The dynamics of the system is governed by the
Liouville equation [Eq. (3)] with the Hamiltonian Eq. (1).
o
@ q^
i ^
1 n^
¼  ½HðtÞ;
q^ 
Cr ; q^  q^ðeqÞ :
@t
h
2
FIG. 1. (Color online) The system used as the model of the quantum dot.
The states are labeled using the usual total angular momentum notation. The
two conduction band (CB) states are for energy Eg above the heavy hole
(HH) and light hole (LH) valence band states. The split-off (SO) states of
the valence band are for energy DSO , below the HH and LH states. The
allowed electric dipole transitions for left/right (rþ /r ) circularly polarized
light are illustrated using arrows.

In this basis fj0 "i; j0 #i; j3=2; þ3=2i; j3=2; 3=2i; j3=2;
þ1=2i; j3=2; 1=2i; j1=2; þ1=2i; j1=2; 1=2i; Hqd is given
by the diagonal matrix Eq. (2).
^ ~
^ ¼ H^0 þ H^so  d~
 EðtÞ:
HðtÞ

(1)

The interaction of the QD with the impinging light is
accounted for in Eq. (1) via the electric dipole term
~ The electric dipole-allowed transitions with circud~ EðtÞ.
larly polarized light of positive rþ and negative r helicity
are indicated with the arrows in Fig. 1.
H^qd ¼ diagðEg ; Eg ; 0; 0; 0; 0; 3aSO ; 3aSO Þ:

(2)

We took the impinging light wave to be monochromatic with
an angular frequency x and circularly polarized in the x-y
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The square bracket in Eq. (3) is commutator and the curly
bracket is anti-commutator. The equilibrium state of the
quantum dot is given by the density matrix q^ðeqÞ . We have
phenomenologically introduced the relaxation times smm for
the populations qmm (m ¼ 1; :::; 8) that are contained in the
^ r . The diagonal elements of this madiagonal decay matrix C
^
trix are Cr;ðmmÞ ¼ 2cmm (m ¼ 1; :::; 8), where 2cmm ¼ 1=smm .
Consequently, the decay times for the coherence terms
qkm ðk 6¼ mÞ are ckm ¼ ðckk þ cmm Þ=2.
III. NUMERICAL SOLUTION AND DISCUSSION

As a first step in solving the Liouville equation, we
wrote the interaction part of the Hamiltonian Eq. (1) in the
form shown in Eq. (4).
^ ~
¼ t^eixt þ t^† eixt :
 d~ EðtÞ
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In the matrix expression, Eq. (5), we introduce the Rabi frequency X which relates to the dipole interaction energy
aEF ¼ ea0 E0 as X ¼ aEF =2h. For simplicity, we took the lifetimes of all the six VB states to be the same, and the lifetimes

(4)

In the chosen basis set, the interaction part t^ is represented
by the matrix, Eq. (5), while t^† in Eq. (4) is its hermitian
conjugate.
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(5)

of the two CB states to be half that. The order of magnitude of
the lifetimes is chosen to be nanosecond:27 smm ¼ 1 ns, for
m ¼ 1; 2 and smm ¼ 0:5 ns, for m ¼ 3; ::: 8. In the equilibrium density matrix q^ðeqÞ , we took the six valence band states
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to be full and populated with equal probability q^ðeqÞ
mm ¼ 1=6 for
m ¼ 3; ::: 8, and the two conduction band states to be empty
ðeqÞ
ðeqÞ
q^11 ¼ q^22 ¼ 0. All the coherence terms in q^ðeqÞ were taken
to be zero. This choice of q^ðeqÞ gives no spin in the equilibrium, TrðS^
qðeqÞ Þ ¼ 0, therefore the appearance of spin in the
QD was due only to the interaction with the light.
Since the interaction part of the Hamiltonian is periodic,
the differential equation in Eq. (3) has periodic coefficients.
Therefore, according to the Floquet’s theorem,28 the resulting density matrix solution will be periodic and thus it can
be written in the form of a Fourier series. For the numerical
calculations, the Fourier series has to be truncated and only a
finite number 2K þ 1 of Fourier components appear in Eq.
(6). This approximation introduces an error in the result. The
error decreases with increasing the number of Fourier components K. Beyond a certain value of K, there is no significant change in the calculated value of the spin, the error is
considered small enough and that value of K is taken for all
the further calculations.
q^ðtÞ ¼

K
X

r^k eixk t :

(6)

k¼K

In the truncated Fourier series, we have xk ¼ kx. When
Eq. (6) was substituted into the Liouville equation. Eq. (3), it
yielded Eq. (7) for the Fourier components r^k written in the
matrix component form, where ðnmÞ is the matrix row/column index.
hxk r^k;ðnmÞ ¼  hHðnmÞ r^k;ðnmÞ  ½^

t; r^kþ1 ðnmÞ
 ½^
t† ; r^k1 ðnmÞ
ðeqÞ

þ ihcnm ½^
rk;ðnmÞ  r^k;ðnmÞ :

(7)

Here, HðnmÞ ¼ ðEn  Em Þ=h where En and Em are the eigenvalues of H^qd .
First, we solved the small field limit of Eq. (7) using the
perturbation theory.29 Since the steady-state analysis is of interest here, we have calculated only the time-independent (DC)
(k ¼ 0) Fourier component of q^ to obtain steady-state value of
^r ðaÞ Þ, where a ¼ 0; 1; 2; ::: . is the order of
spin hSðaÞ i ¼ TrðS^
0
the perturbation. The zeroth order perturbation solution is the
ð0Þ
ðeqÞ
equilibrium density matrix r^k;ðnmÞ ¼ r^k;ðnmÞ ; in this state by the
initial assumption there is no spin in the quantum dot. The first
order ða ¼ 1Þ perturbation solution for the DC term is
ð1Þ
r^0;ðnmÞ ¼ 0 and this correction contributes no spin. The first nonzero perturbative correction to r^0;ðnmÞ is of the second order
ða ¼ 2Þ. To obtain the expression for the second order perturbation we used the initial simplified assumption about the lifetimes
of the QD states expressed in terms of the decay constants cmm .
For the CB states cmm ¼ 2c for m ¼ 1; 2 and for the VB states
cmm ¼ c for m ¼ 3; ::: 8, where c is just a constant. The DC spin
in the second order perturbation theory has only nonzero the z component and apart from the multiplicative constant can be
shown to be proportional to the expression given by Eq. (8).
"
2
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þ 9c2
4

3
þ ðx  xgD Þ2

#
:

(8)

The second order perturbative solution for spin, Eq. (8), is
superposition of the two Lorentzians, one centered at
xg ¼ Eg =h and the other at xgD ¼ ðEg þ Dso Þ=h. Here, we
see that the spin for small fields is proportional to the square
of the Rabi frequency X (i.e. the square of the optical field
amplitude).
Second, the limit of large optical fields aSO =hX  1 is
analyzed. In this energy regime the spin-orbit interaction aSO
is negligible and since it is the sole mechanism for influencing the spin degree of freedom the spin is not generated.10
From the two limits we anticipated that there should be maximum in the middle ranges of Rabi frequencies.
To demonstrate the maximum we numerically solved
the matrix, Eq. (7), for the DC Fourier component r^0 using
the same parameters for the QD model as for the small field
analysis with the addition of DSO ¼ 0:24Eg that reflects the
measured values of spin splitting in VB for bulk GaAs.30
Larger field strengths require more Fourier components for
the result to converge. For hX up to 7aSO the results converged for K  4 and we used K ¼ 4 for all subsequent calculations. To test the model, we first used the linear
polarizations of the impinging optical wave and obtained
^ ¼ 0. This is expected since the optical dipole
zero spin: hSi
selection rules require total angular momentum projection
difference along the quantization axis (coinciding with the
optical field propagation direction) to be DJz ¼ 61 (see
Fig. 1). Linearly polarized photons do not carry angular momentum, and therefore cannot excite spin in the quantum
dot. For circular polarization of the impinging field in the xy plane, the optically generated spin components hS^x i and
hS^y i calculated using Eq. (7) are zero, which is also expected.
This is understood in the following way: for the impinging
photon’s circular polarization in the x-y plane, the photon’s
angular momentum is along the z-direction and according to
the law of conservation of the angular moment the electron

FIG. 2. (Color online) Dependence of the optically generated spin hSz i on
the impinging optical wave’s energy, hx normalized with Eg , and the Rabi
frequency 
hX normalized with aSO . In the inset is the slice of the plot for
hX=aSO ¼ 0:01.
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Vulović et al.

spin will have only the z-component. The result of the numerical calculation of hS^z i is plotted in Fig. 2.
The z-component of the optically generated spin in Fig.
2 is plotted as a function of the energy of photons hx, and
the field strength of the optical wave E0 through hX. The
plotted spin is in the units of h=2, and we have normalized
hX and 

hx by dividing them with, respectively, the spinorbit interaction energy aSO and the bandgap energy Eg .
Changing the circular polarization of light reverses the sign
of the calculated spin. In the small field regime, hX  aSO ,
we observed in Fig. 2 that hSz i increases with the field
strength and that it has two Lorentzians as a function of hx.
The first Lorentzian centered at hx=Eg ¼ 1 corresponds to
the HH and LH transition to CB, and the second Lorentzian
centered at 
hx=Eg ¼ 1:24 corresponds to the transition from
SO states to CB states. The shapes of the two Lorentzians in
the numerical solution were in agreement with the perturbative Eq. (8). On this energy scale, the spin-orbit interaction is
relevant, and as 
hX increases, so does the optically generated
spin as more electrons are optically excited from the spinless
equilibrium state. For the large detunings of hx from the two
resonances, the optical wave is decoupled from the system
and consequently this reduces the optically generated spin.
In the regime of large optical fields, the calculated spin
decays to zero as hX increases, which is congruent with the
prediction. Between the two regimes, we see from Fig. 2 that
the two Lorentzians at the small fields are merging into the
single peak as the optical field increases and the spin reaches
the maximum for the value of the Rabi frequency equal to
the spin-orbit interaction energy. Physically, the position of
the maximum at hX ¼ aSO reflects the existence of the
boundary on energy scale between the two regimes, one
where the spin-orbit interaction is relevant and the other
where it is negligible.
Changing the populations’ lifetimes, smm ðm ¼ 1; :::8Þ
influences only on the shape of the Lorentzians in the small
field regime, while the position of the maximum for the intermediate fields and the spin decay for large fields were
unchanged. Therefore, the spin-orbit interaction sets the
upper limit for the optical spin generation.
On one hand, the spin-orbit interaction enables the optical spin generation. On the other hand, in the light of this
result, large spin-orbit interaction makes the maximum for
optical spin generation harder to achieve since it happens for
stronger optical fields. For the value of the spin-orbit interaction in GaAs, the optimal optical filed is of the order of
107 V=cm which is beyond present practical applications.
In all calculations, we have tacitly assumed that the
band structure is not changed by the applied electric of the
impinging optical wave. Strictly, this approximation is valid
only for small fields. However, the conclusion that the spin
decays to zero in the large field limit is still valid on the basis
of the general physical consideration about the negligibility
of spin-orbit interaction at this energy scale.
IV. CONCLUSION

In this research we have addressed the steady-state optical spin generation in III-V quantum dots, one of the most
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important material systems for photospintronics. The optical
spin generation in this system was known for small field
limit, where spin depends quadratically on the field strength,
and for the large field limit where spin decays to zero. We
completed the picture of the optical spin generation by
numerically solving the Liouville equation for the simple
model of a III-V quantum dot. The numerical solution is in
accord with the two known limits. The new finding is for the
region between the two limits where the spin has a maximum. This maximum corresponds to the optical interaction
strength being equal to the spin-orbit interaction in the
underlying material.
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